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Abst rac t - -The  2-D velocity-vorticity formulation of the Stokes equations is considered in this 
work. A rigorous study of the variational framework and the equivalence between the standard 
velocity-pressure formulation and such velocity-vorticity formulation is presented. A symmetric un- 
coupled solution scheme is derived by discovering a handy property of the curl operator. 
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1. INTRODUCTION 
The standard formulation of the stationary Stokes equations describing the motion of an incom- 
pressible fluid in a bounded domain ~ c R 2, with boundary r ,  in terms of the primitive variables 
(velocity u and pressure p), is as follows: 
-uAu+Vp= f, inI2, 
V • u = 0, in f~,  
u = g, on F. 
(1) 
Here f is a field of given body forces assumed to be in L2(~) 2, /] is the kinematic viscosity of the 
fluid, and g is a given field defined on F satisfying the global conservation property 
rg .  n = 0, (2) 
where n denotes the unit outer normal vector to r. 
As  far as the velocity-vorticity formulation is concerned, some researches have been done (see, 
e.g., [1-11] and references therein). The  Stokes system (i) in terms of the variables velocity and 
vorticity w can be written as 
- -Au  = V × w, in ~2, 
-uAw = V × f, in f/. (3) 
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For simplicity, from now on, we assume that fl is bounded and simply-connected and g = 0. 
In [9], the following boundary conditions were considered: 
u = 0, on F, 
V.  u = 0, on F. (4) 
In that case, w should satisfy that 
~ co =0.  
An uncoupled formulation of system (3)-(5) was proposed there. 
following boundary conditions to (3): 
u = O, on F, 
W=~XU, ont .  
(5) 
In this work, we apply the 
(6) 
The main difficulty in solving system (3) and (6) is that the boundary value of w is not explicitly 
known. This is why we only consider here the Stokes system rather than the Navier-Stokes 
system, because in both cases the boundary conditions are the same. To overcome this difficulty, 
the uncoupling technique, which was proposed by Glowinski and Pironneau in their celebrated 
work [12], can be employed. 
An outline of this work is as follows. In Section 2, we give a rigorous variational framework for 
the velocity-vorticity system, and the equivalence between the velocity-pressure system and the 
velocity-vorticity system. And in Section 3, we present a handy property of the curl operator 
(see below, Lemma 3); then we get a symmetric uncoupled formulation. 
2. VARIAT IONAL FORM AND EQUIVALENCE 
To study system (3) and (6) rigorously, we would like to put it in a suitable functional space: 
(u,w) E H01(~) 2 × L2(~), 
-A  u = V x w, 
--vA w = V x f, 
W=VXU, 
Let us recall some spaces (see, e.g., [9]): 
(7a) 
in H-* (~)  2, (75) 
in H-1  (~2), (7c) 
in H-1/2(F). (Td) 
X(~) = {X E L2(n); A X E H- I (~)} ,  (8) 
with the inner product 
(x,~)x = (x,~)o + (xo,~o)l, (9) 
where (., ")o denotes the standard inner product of L2(~), and Xo E H~(~) is uniquely defined 
by 
(X0,v)I = (-Ax, v)I, Vv E n~(~),  (10) 
(',') 1, and (.,./1 denoting the standard inner product of H~ (~) and the duality product between 
H-I($1) and H~(~), respectively. 
We also need the spaces 
L~(~)-= {vEL2(~);~v=O}, (11) 
HI(•) = {v 6 Hl(~)2; v .n  = 0 on F}. (12) 
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Now we can write system (7) in the following variational form: 
find (u,w) E H01(fl) 2 x X(~) such that (U ,V) I  ---~ (tD, V X V)0 , 
u( -Aw,¢) l  = ( f ,V  x ¢)0, 
Vv E H (fl), 
(13) 
V¢ e 
where 
(u,v) l  = (V x u ,V  x v)0 + (V .u ,V .v )0 .  (14) 
We shall equip H~(f~) with the norm I" [1 associated with the above inner product, which 
is equivalent o the standard norm of Hl(f l )  2 in H~(f~) (see, e.g., [13]). It is easy to prove 
(see [10,11]) the following. 
THEOREM I. Problem (13) is equivalent to system (7). | 
To further study the variational problem (13), the following lemma due to Zhu [11], which is 
an extension of Stokes' Theorem, is useful. 
LEMMA 1. Assume that fl is a bounded simply-connected domain of RN(N = 2 or 3) with a 
Lipschitz-continuous boundary. A function u of H-l(f~) N satisfies 
V x u = 0, in ~, (15) 
ff and only if there exists a unique function p of L~(f~) such that 
u = vv .  (16) 
PROOF. Since it is trivial to get (15) by (16), we only need to check the converse. In so doing, 
if we can prove that 
(u ,v) l  = 0, Vv e v ,  (17) 
where V = {v E H~(f~)2; V • v = 0 in f~}, then, by [13, Lemma 1.2.1], there exists a unique 
p E Lo2(f~) which satisfies (16). 
In fact, when N = 2, for any v E V, there exists a stream function ¢ E H~(f~) such that 
v = V × ¢ (see, e.g., [13, Theorem 1.3.3]), thus 
(U ,V) I=~U(VX ~) =~(V ×U)~b--~0, 
i.e., (17) holds. When N = 3, by [13, Theorem 1.3.6 and Corollary 1.3.5], we know that there 
exists a divergence-free v ctor potential ¢ E H2(fl) a satisfying ¢ x n = 0, then 
(u,v) l  = fa  u(V x ¢) = ~(V  x u)¢ = 0. 
Hence, (17) also holds in this case. | 
THEOREM 2. /f  (u,w) is a solution of problem (13), then there exists a function p E L2(~) such 
that (u,p) is a weak solution of the Stokes problem, i.e., 
(u,p) 6 H~(f~) 2 x L2(f~), 
- -pau  + Vp  = f, in H- I (~) ,  (18) 
V .u=0,  in~. 
Conversely, if (u,p) is a solution of (18), then (u,w = V x u) is a solution of problem (13). | 
PROOF. Let (u,w) be a solution of problem (13), then by Theorem 1, it satisfies (7). From (7a), 
it is easy to know that V x u - w is harmonic in fl, thus, by (Td) we can get 
VXU=W,  in~.  
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By the well-known identity 
-Au= V x V x u -V(V .u ) ,  
and notice that (Ta) again, we have 
(19) 
V iV" u) = 0, in ~, 
or 
V. u = 0, in ~, 
since fn V.  u = f rU -n  = 0. On the other hand, we know that -vAu  - f • H- l ( f l )  2 satisfies 
VX ( -vAu- f )=- -vAw-Vxf=O.  
Hence, by Lemma 1, there exists a p E L2(~) such that (u,p) satisfies (18). The converse is 
obvious. | 
From the classic results for the Stokes u -p  system (see, e.g., [13,14]) and Theorem 2, we easily 
know the following. 
THEOREM 3. Problem (13) has a unique solution. | 
3. UNCOUPLED FORMULATION 
The velocityovorticity s stem is coupled due to the boundary conditions. To solve such a sys- 
tem numerically, it is worthwhile to find its uncoupled solution. In this section, based on the 
uncoupling technique proposed in [9] for system (3)-(5), we first give a corresponding (nonsym- 
metic) one for problem (13). Then we deduce a symmetric uncoupled formulation by a property 
of the curl operator. 
Recalling (10), one can easily know the following. 
LEMMA 2. The following decompositions hoM: 
x(n)  = H~(n) e X~(n) (20) 
and 
where 
Hln(~) = H~(~) 2• J(~), (21) 
x . (a )  = (x • x(~) ;  ax  = 0 in a} ,  
J(~2) = {v • H~(fl);  Av  = 0 in f l} .  
(22) 
(23) 
Set w = wo + WH and v = v0 + VH, where wo • H~(~), WH • XH(G), v0 • H~(G) 2, and 
VH • J(G). Then we can rewrite (13) in the following equivalent (uncoupled) form: 
find (u, wo,wH) • H~(~) 2 × H01(~) × XH(~) such that 
(u, voh = (•o + o2H, V × vo)o, 
(~,  V × v~)0 = -(w0, V × vH)0, 
(~0,¢h = v - l ( f ,V  x ¢)0, 
vv0 • H01(a) 2, (24a) 
VVH • J(~'~), (24b) 
V¢ • H01(a). (24c) 
It is easy to deal with subproblems (24c) and (24a) (when wH is known), but it is difficult to 
treat subproblem (24b), especially in numerical point of view. In order to overcome this difficulty, 
the following lemma due to Zhu [11] is very important. 
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LEMMA 3. The operator Vx is an isomorphism from J(fl) onto XH(~). 
PROOF. For each v E J (~),  it is easy to check that V x v E Xg(12) since 
A(V  x v) = V x (Av)  = o. 
Furthermore, 
IIV x vl lx = IIV x vllo _< Ivl~. 
Conversely, for each X E XI~(~), we can find p E L02(12) such that (see [9]) 
Vp=Vxx.  (25) 
Let A and 0 be the solutions of the following Dirichlet and Neumann problems, respectively: 
AA=p,  inf l ,  
0A 
~nn =0,  onP ,  
-AO=x,  in f ' ,  
0 = O, on F. 
Then v = V A + V x 0 E I-Iln(fl) is a solution of the following problem: 
~Txv=x,  
V .v=p,  
(26) 
and satisfies 
Av=-V x x + Vp=O. 
Hence, v E J(l)). Moreover, 
Ivl~ = IIV x vllo ~ + IIV. vllo ~ = Ilxllo 2+ IIV. vllo ~ , 
where 
(V.  v, q)0 
I IV'vl lo = sup 
qEL~(ll) Ilqllo 
q#O 
On the other hand, for any q E L~(fl), there exist a w E H~(fl) 2 and a constant C > 0 such that 
V .  w = q and [W[1 <_ Cllqllo (see, e.g., [13, Corollary 1.2.4]). Taking into account (25) and (26), 
we have 
(V.  v, V .  w)o 
I IV'vl lo < C sup 
w~Ho~m)2 Iwll 
w#O 
I (p,V. v,)ol < C sup 
wex,](n) ~ lwll 
w#O 
I(Vp, w)ol = C sup 
weH~(n) ~ IWll 
w#0 
I(V x x,w)ol = C sup 
weH~(n)2 [w[1 
w#O 
= C sup 
weH~(n) 2 
w#O 
_< Ollxllo. 
I(x,V x w)ol 
Iwll 
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Therefore, 
Ivll ~ Cllxllo = cI Ixl lx,  
Final ly,  in order to prove the uniqueness of v, let 
Vxv=O.  
Then from the well-known ident i ty (19), and noticing that  v • J(l'~), we have 
V.v=O.  
Therefore, 
v=0.  
And the proof is complete. | 
As a consequence of Lemma 3, subproblem (24b) can be wr i t ten in an equivalent and symmetr ic  
form, and system (24) becomes: 
find (u, wo ,wn)  • Hl(f~) 2 x H i ( f / )  x Xn( f~)  such that  
(u,v)l = (wo +wn,  v × v)o, 
(oJn, xn)o = -(oJo, xn)o, 
(w0,¢h = v - l ( f ,  V x ¢)0, 
vv  e Hi(n)  2, (27a) 
VXH • XH(~) ,  (27b) 
v ¢ • H0 ~(n). (27c) 
This problem can be solved in the order (27c), (27b), and (27a), so that  the result ing determi-  
nat ions of w0 , wg,  and u successively, are performed independent ly  from each other. 
REMARK 1. A corresponding symmetr ic  uncoupled solution scheme is also valid in the case 
of [9]. 
REMARK 2. A finite element analysis for problem (27) can be found in [11]. 
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